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Introduction
How does government spending affect total output or output growth? At the theoretical level the relationship is a priori ambiguous. On the one hand, one can argue for a positive relationship (i) due to the direct and/or indirect productivity effects of government expenditures, particularly public investments (see e.g. Aschauer (1989) , Barro (1990) , Grossman and Lucas (1974) ). On the other hand, the relationship may be negative (ii) due to distortionary taxation (see e.g. Barro (1990)) or (iii) due to the crowding out of investment and/or output in the private sector. A large number of empirical studies have been carried out, but the results are ambiguous (see e.g. Barro (1989) , Landau (1983) , Ram (1986) and Singh and Sahni (1986) ) for examples of earlier research and Agell and Lindh and Ohlsson (1997) , Devarajan and Swaroop and Zou (1996) and Karras (1996) for examples of the recent research).
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Common to empirical research has been the use of standard national accounts data. For several reasons this may bias towards accepting the null hypothesis that increased government size will give rise to higher economic growth. First, because the national accounts data implicitly presumes that government output is produced with a constant returns to scale technology. Second, the whole government output is classified as the final product and, finally, the market value of the government output is assumed to be equal to the national accounts value of the government output, evaluated at its cost of production (see Carr (1989) ). Some of those controversial assumptions have been relaxed. The assumption of the linear technology in government output has been dealt by Baumol (1967) . Reich (1986) , in turn, has produced some empirical evidence on the role of government goods as an intermediate product in private production. Kormendi (1983) has analysed the valuation problem of government goods by defining the concept of "government dissipation" as the difference between the resource cost of government output and the corresponding market value. 2 In empirical studies the relationship between government size and output (or output growth) has been assumed to be linear and thus independent of the relative size of the public sector. According to the Laffer curve hypothesis the relationship between tax revenues and tax rates may be negative beyond some point of tax rates.
3 Analogously public sector may affect output in a nonlinear way. The purpose of the paper is to develop a theoretical model of the relationship between public sector employment and total output, where public employment has productivity effects on private output, valuation of government output is taken into account and where public employment crowds out private employment and output via wage and tax effects. While the effect of a change in public employment on total output and aggregate real demand in market prices is a priori ambiguous, numerical simulations suggest that public employment affects total out-1 After reviewing theoretical and empirical evidence on the relation between growth and public sector Agell et. al (1997) end up by saying "the evidence is found to admit no conclusion". There exists an ever larger literature which deals with the reverse causation issue of what explains the size (and structure) of public sector over time and across countries. See e.g. Lybeck and Henrekson (1988) ). 2 The System of National Accounts data are also used e.g. when testing for the hypothesis that there is a direct substitution between the public and private consumption. See e.g. Aschauer (1985) . 3 In the context of taxation there is, however, evidence against it see e.g. Fullerton (1982) . put and total income in market prices in a nonlinear way, positively when public employment is "low" and negatively when public employment is "high". Finally, and importantly, we present some empirical evidence using the data from 22 OECD countries over the period . The estimation and test results from both threshold models and more commonly used specifications with multiplicative interaction terms lie in conformity with the nonlinearity hypothesis about the relationship between the size of the public sector and private sector output.
We proceed as follows. A simple theoretical model and numerical simulations are presented in section 2, while the empirical results are reported in section 3. Finally, there is a brief concluding section.
2
A model of public sector employment and total output
This section presents a simple theoretical analysis, which describes the relationship between public sector employment and total output and total income in market prices. The model has the following features: First, we account for the possibility that public sector employment affects private production and marginal productivity of private labour. Second, we allow for the valuation of government sector output in the sense that the (unobservable) relative market price depends inversely on the size of the public sector. Third, and in the spirit of the so-called equilibrium approach to fiscal policy, we abstract from the financing issues of government output. 
A theoretical model
These ideas are captured by the following aggregative model, which determines the real wage, the price level, the employment, the total output, the tax rate and the total income in market prices in constant market prices. The model is "classical" with some additional features (see e.g. Sargent (1987) ). It is presented in equations (2.1)-(2.4).
This is compatible with the so-called equilibrium approach to fiscal policy, according to which the lump-sum financial policies are -to a first approximation -irrelevant to private sector outcomes. (see e.g. Seater (1993) for a survey of the issues involved).
where y denotes the total output, consisting of the private sector production function F and the public sector production function G, l d and l g the corresponding labour demands, l s the aggregate labour supply, ω = w/p the real wage, m = M/p the real money balances, p the price level, τ the endogenous tax rate and z the (unobservable) relative market price of public sector goods and services. The equations (2.1)−(2.3) form a simultaneous system, which determines the real wage, the price level, employment and the total output. The total income in constant market prices q is determined recursively by the equation (2.4). q is the true (correctly measured) disposable income of the economy.
Private output is produced by private labour. Public employment affects private output both directly and via the private labour demand by increasing the marginal product of private employment. For simplicity, capital input (and thus also capital depreciation) is disregarded.
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The labour market is cleared via changes in the real wage so as to equalize the aggregate labour demand to labour supply (see equation (2.1)). Like in models of unbalanced growth (see Baumol (1967) ) we assume that real wages are equal in the private and public sector. This has no effect on qualitative results provided that there is some intersectoral rigidity in real wages. Private labour demand depends negatively on the real wage and is also affected by the public employment, while labour supply is a non-negative function of the net real wage ω(1−τ(.)), where τ is the tax rate. The price level p is determined by the equality of the private demand y d and private supply y s according to the equation (2.2). The private demand depends positively on disposable income y(1−τ(.)) and real balances m, while the private supply depends negatively on the real wage ω and positively on public employment l g .
In what follows variables with primes refer to partial derivatives for functions with one argument and variables with subscripts refer to partial derivatives for functions with many arguments. The total income in constant market prices is determined recursively by the equation (2.4), where we assume that z = z(G) with z'(.) < 0 so that the higher the government output, the lower its marginal valuation rate, ceteris paribus. This is just a conventional assumption according to which the demand for government output is a decreasing function of relative market prices. The marginal valuation of government output is defined by z' = z(G) + z'(G)G > 0, where z is the market value of government output, which is assumed to be decreasing so that z" = 2z'(G) + z"(G)G < 0.
Finally, the tax rate is endogenous and determined by the public sector resource costs
where the tax rate depends on the real wage and the public sector labour demand so that τ = τ(ω,l g ). It is quite likely that τ 1 > 0 and τ 2 > 0, where τ 1 = Μτ/Μω and τ 2 = Μτ/Μl g . These assumptions are used in analyzing the comparative statics properties of the model. Equation (2.5) is, however, used in the subsequent numerical simulations.
The effect of government capital stock is studied e.g. in Aschauer (1989) To see what are the effects of public employment on the real wage, price level, and total output we first form the differential of the system (2.1)−(2.3) in terms of endogenous variables and public employment. This gives τ . Solving (6) for the real wage, the price level and the total output in terms of public employment yields 
denotes the determinant of the coefficient matrix of (2.6) and where we have utilized the fact that F(l d (ω,l g )l g ) = y s (ω,l g ). Comparative statics is a priori ambiguous reflecting various offsetting forces. According to (2.9) a rise in public employment increases public production (G' > 0) and raises private supply of goods so that public employment increases the marginal productivity of private labour 0) > y ( s 2
. But a rise in public employment increases labour demand and the tax rate and the latter decreases the labour supply. For both of these reasons the real wage tends to rise so that private demand for labour and private production will at least partially be crowded out via the "real wage effect" (the last term in (2.7)). One might conjecture that the first (last) effect dominates for "small" ("large") values of public employment. Finally, it is worthwhile to point out that the total output effects do not depend on what happens to the price level (described in (2.8)), which is a standard feature of "classical" models.
As mentioned earlier, the total income in constant market prices is determined recursively by the equation (2.4). Now the price level and valuation effects are additional factors. The total income effect can be decomposed as follows ' Z dl dp p
and it is ambiguous a priori. The first three terms describe the positive output effect and the negative tax effects caused by increased government employment and higher (government) wages, respectively. The effect of a change in the price level is not clear. A rise in the price level tends to decrease the tax rate and to increase disposable income on the one hand, but a fall in real balances has the opposite effect. Finally, government employment has a positive effect on the (market) value of government output.
Although the equilibrium relationship between total output and public sector employment is a priori ambiguous, one can conjecture as follows: When the share of public employment from the total employment is "small", the positive marginal productivity and valuation effects dominate the negative crowding out effects due to the response of taxes and real wages for changes in public employment, and the other way round when the share is "large". Thus there might be a nonlinear Laffer curve -type relationship between the public sector employment and total output.
Numerical simulations
In order to shed further light on the potential relationship between public employment and aggregate real demand on the one hand and public employment and total output on the other hand, we present a simple parametrized model and solve it numerically. The model takes the following form
where
Equation (2.11) defines the total output, (2.12) and (2.13) denote labour market clearing and the inverse demand for labour, respectively, (2.14) is the definition of aggregate real demand in constant market prices and (2.15) parametrizes the valuation of output. The price level is determined by equalizing (2.15) to the first (private) part of the total output.
The following values of parameters were taken as the basic case.
(1) the parameters in the Cobb-Douglas production function: α 1 = 2/3, α 2 = .5, (2) the net wage elasticity of labour supply α 3 = .3, (3) parameters in the total income (in constant market prices) definition: α 4 = .9, α 5 = !.4, α 6 = .1, α 7 = 1 (the last parameter is a scaling parameter). Finally, the money supply m equals 1. The outcome of this simulation in terms of y and q is reported in Figures 1 and 2 , where the horizontal axes describe the share of public sector employment and the vertical axes the total output (1) and aggregate real demand (2) in Figures 1 and 2 respectively. The results for ω, τ and p are available from the authors upon request. Numerical simulations produce a nonlinear Laffer curve-type relationship between public employment and total output on the one hand and public employment and total income in market prices on the other hand. The relationship turned out to be rather robust for various changes in parameters. In particular, this was true for parameters α 4 , α 7 and α 8 . Changes in other parameters changed the maximum values of y and q, but left the shape of the curve practically unchanged. It is important to point out that the computed values do not directly correspond to actual data because the economy which is analyzed in here is a static and closed economy without investment, capital depreciation, exports and imports so that simulated critical values of the public sector size are about 30-40 % too large (compared with the national accounts numbers). Even so, one could achieve such (critical) values of y and q that are well in accordance with the subsequent empirical analyses (in particular, using sufficiently low values of 1−α 1 and α 2 ). In order to check the robustness of results, some further experiments were carried out. First, we assumed that the net wage elasticity of labour supply is zero. Not surprisingly, this implied that the maximum values of y and q were obtained at lower values of public employment. Second, we assumed that the relative valuation rate of government output, z, is constant. This implied that the maximum values were obtained at higher values of public employment than in the basic case. Finally, we modified the output elasticity parameter α 1 by setting it to the value 3/4. This had the effect of turning the Laffer curves down at the lower value of public employment than in the basic case. The value of α 1 parameter is instrumental in determining the critical value of the size of public sector. This can be seen from the following set of simulated values for the government size (measured in terms of L g /L) which produce the maximum output in terms of y and q. The values have been computed for the case of exogenous labour supply. Clearly, if public sector employment affects private sector production (in addition to public sector production) in a significant way, the critical size of the public sector is quite large, and vice versa for "small" values of α 1 (so far these numbers can be compared with actual national account numbers).
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After these simulation exercises we turn to look at the econometric evidence in order to explore further whether the relationship between the public sector size, output and aggregate real demand is a nonlinear one.
3
Some empirical evidence
It is not possible to evaluate the nonlinearity hypothesis directly due to the lack of data on aggregate real demand and output in market value prices. There exists data, however, on private sector output and these data can be used to get some rough estimate of the sign and magnitude of the effect of a change in public sector employment when government size varies. Thus we use data on two observable variables, public sector employment and private sector output, which we denote by D. The data cover the period 1960−1996 from 22 OECD countries with some minor exceptions. Of course, also the output elasticity of public sector employment, α 2 is important, but how important it is, that depends crucially on the specification of the valuation function z. Still, the critical value of y may even remain below 0.2 in the case of α 2 + α 5 > 0 with low values of α 2. The CD production function is a bit problematic in this context because it implies that private sector output goes to zero when l g goes to zero. If we relaxed this assumption we would obtain a smaller critical size for the public sector.
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Private sector output is measured either by "GDP-public consumption" or by "GDP-public sector production" and public sector employment by the number of employees in the "producers of government services" sector. Here we report results only for the conventional GDPpublic consumption measure. Results with the other measure of private sector output turned out to be very similar. The three first columns correspond to the sample averages of alternative threshold models. Corr indicates the correlation coefficients between ∆logD and ∆logL g . The three last columns report the estimation results of the linear model (17). t β denotes the t-ratio of β. F denotes the F test statistics for the hypothesis that the coefficients β and γ are identically equal to zero.
We started the empirical analysis by computing the coefficients of correlation between ∆logD and ∆logL g . As a point of reference for the coefficients, we used the values of public consumption relative to GDP at the current SNA prices denoted by G/Y, the share of public consumption out of total consumption denoted by G/C and, finally, the share of public sector employment out of total employment denoted by L g /L as alternative measures of the size of the public sector. As one can see from Table 1 , the correlation coefficients do not show any systematic pattern in terms of the size of the public sector. Moreover, with the exception of Italy and Switzerland the correlation coefficients are not significantly different from zero. Next we estimated a simple linear VAR-type model for ∆ logD that allows for a partial adjustment of the public employment effect on private sector output:
where u refers to the error term. The estimation results from the linear model with the exception of the coefficient of the lagged dependent term are presented in the last three columns of Table 1 . 9 There are several interesting features of results. First, there seems to be no clear pattern in the sign of the coefficient of public employment and it is never significant in the linear model. Second, in most cases (2.15 out of 2.22) the null hypothesis that the linear model explains nothing cannot be rejected. In fact, this should not be regarded as surprising but something one might expect in the light of considerations presented in section 2. The coefficient estimates might be positive, zero or negative depending on the size of the public sector, but the linear model cannot capture it.
An obvious way to try to account for the potential nonlinearity between public sector employment and private sector output is to use the so-called threshold model (see e.g. Granger and Teräsvirta (1993) ).
10 Applying threshold specification means that the coefficients of the independent variables are allowed to vary depending on the value of the threshold variable. A simplest way to account for this kind of switching phenomenon in the context of explaining ∆logD is to fit the following type of nonlinear specification to the data
where e refers to the error term and ) Ŷ / Ĝ ( denotes the threshold value of the size of the public sector. This specification collapses to the linear one if β 1 = β 2 .It is assumed in (2.18a−2.18b) that the coefficient of the lagged dependent term does not depend on the size of the public sector. 11 The threshold value − i.e. the value which gives the smallest residual variance − is obtained by using a search procedure in which all potential threshold values are scrutinized.
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The estimation results from the threshold specification (2.18a−2.18b) with the exception of the coefficient of the lagged dependent term are presented in Tables 2−4. In Table 2 we report the values of R 2 and the threshold variable for alternative threshold variables (that is, G/Y, G/C and L g /L). For the sake of comparison, we also include the R 2 of the linear model. Tables 3 and 4 , in turn, include the 9
The VAR model was also estimated for ∆logD so that the explanatory variables were ∆logD −1 , ∆logL g,−1 and ∆logY OECD,−1 , where the last variable refers to the OECD GDP (at constant prices). It was included into the estimating model to control the cross-country spillover effects of demand and supply shocks. The results were very similar to those reported and are available upon request. When estimating (2.17) and (2.18) L g,t−1 was replaced by the corresponding contemporaneous value but that did not change the results either. 10 By using the threshold model we can take into account the effects of possible regime shifts.
These effects could also modeled by using multiplicative interaction terms with the public sector size (see equation (2.19) below). I bit different result would come out if we introduced an additional quadratic ∆logL g term into (2.17). This term would imply that the employment effect depends on the size of the change in public sector employment (not on the size of the public sector). In the empirical analysis, this kind nonlinear "adjustment cost" effect turned out to be insignificant, however. 11 Our empirical results were in conformity with this assumption. 12 The estimation and test procedures made use of a GAUSS procedure, which is available on Bruce Hansen's homepage: http://www.ssc.wisc.edu/ estimation results of the threshold model using either G/Y or G/C as the threshold variable. Discriminating between these two variables in terms of explanatory power turned out to be quite difficult, but as one can see also the difference in estimation results is very small. Results with L g /L as the threshold variable were also very similar but the explanatory power of this specification was clearly lower (see Table 2 for the comparison of R 2 s). All threshold model estimates represent interior solution, which have been obtained without imposing any additional constraints. Thus, the observations are distributed in a reasonable way to both regimes.
The following features of results merit attention. First, the threshold model fits the data much better than the linear model. Both the goodness-of-fit statistic is higher and the residual variance lower than with linear specification. Only very few diagnostic problems can be detected. Second, the coefficient estimates of the public employment are now considerably more precise and in accordance with the theoretical considerations suggesting that the effect of public sector employment on private output depends on the size of the public sector. Finally, and importantly, the coefficient of β 1 is except for a couple of cases positive and in all cases larger than the coefficient β 2 ; which also lies in conformity with considerations presented in section 2. 13 As the public sector gets larger, the effect of public sector employment on private output gets smaller and even negative. Indeed, β 2 is negative except for Australia, France, Italy and Norway and in these cases the β 2 coefficients are never significant. According to the estimation results the threshold value of the public sector (output) size varies between 10 and 30 per cent in the sample depending on the threshold variable. As one might expect, the critical size is highest with the public sector share of total consumption and lowest with the public sector share of total employment. With all threshold variables, the threshold values are very similar for all countries suggesting that there is indeed some invariance across countries. 13 The existence of a threshold is indeed supported by the LM tests (FHO and FHT) reported in Table 3 . But it is very difficult to judge what is the size of the test. The values of these F test statistics clearly exceed the conventional significance levels from F distribution, but they may not be relevant here (see Hansen (1996 Hansen ( , 1999 ). Computing the significance levels by bootstrap gives completely different values, which are also quite sensitive to heteroscedasticity. Obviously testing problems result partly from relatively small sample sizes. Even so, the tests still give additional support to the threshold model specification. (17) and (18). In the case of equation (18), the values have been computed for different threshold variables.
All in all, estimation results from the linear and threshold specifications gives at least weak support to the hypothesis according to which the relationship between public sector employment and output is nonlinear, positive for "small" public sector and negative for "large" public sector. Chan (1993) , in which it is shown that the threshold parameter is superconsistent and can thus be treated as a known parameter. Here, the share of public consumption out of total consumption G/C is the threshold variable. Notation is the same as in Table 3 . In order to alleviate the problem of small sample size with single country models and increase the efficiency of estimation (by using the SUR estimator) we estimated as a final check the model using pooled panel data from the 22 countries which are in our data set. In addition to linear and threshold models we also estimated a multiplicative specification which is of the following from:
where H denotes the threshold variable (either G/Y, G/C or L g /L). According to this specification public employment effect depends on the interaction term H t ⋅∆L gt-1 and thus on the size of the government sector. According to our hypothesis φ should be negative. Using this specification we can compute the critical (or, in a sense "threshold") value of this variable at which public sector employment growth has zero effect on private sector output growth. The estimation results are reported in Table 5 . All estimates are SUR estimates with panel data consisting of 736 data points. All equations also include country intercepts, which are not reported. The threshold models (columns 2-4) are estimated using the average values of the threshold variable from the single country models. With the multiplicative model (the last three set of estimates) the "threshold values" are derived from the estimates of β and φ.
Clearly the results with panel data lie in conformity with the results from individual country data which suffer from relatively small sample sizes. With a linear model there is no relationship between public sector employment and private sector output while with the threshold model a quite clear relationship is obtained. We also find a similar relationship using a multiplicative specification (2.19) in which the public sector employment effect depends on the size of the public sector. When the size of the public sector increases, the employment effect diminishes and, after some critical value, becomes negative. The implied critical values are, in fact, quite close to the average threshold values in the context of threshold model estimation. 14 14 Recently Karras (1996) has estimated the optimal government size for several sets of economies by exploring the role of public services in the production process. As the theoretical framework he takes the analysis by Barro (1990) , according to which government services are optimally provided when their marginal product equals unity (the so-called "Barro rule"). He finds by using a very large data set of 118 countries over the period 1960 to 1985 that in some cases government services are over-provided, in some cases under-provided and in many cases optimally provided. Karras finds that the optimal government size in the Barro sense is 23 per cent (±2 per cent) for the average country, which number, however, masks important differences across regions. Interestingly, this number is not very far away from the value of the threshold we obtained in our estimations. Our analysis is less ambitious in the sense that we do not study the welfare issues, but are only interested in the question of whether the relationship between the share of public sector and output is a non-linear one.
Concluding remarks
This paper has developed a model of the relationship between public sector employment and total output, where public employment has positive productivity effects on private output and where public employment crowds out provide employment and output via wage and tax effects, and where also the valuation of government output is taken into account. This simple model is used to show that while the effect of a change in public employment on total output and aggregate real demand in market prices is a priori ambiguous, numerical simulations suggest that the relationship may be a nonlinear one; it is positive when public sector is "small" and negative when it is "large". We also present some empirical evidence using data from 22 OECD countries over the period . The estimation results using both the linear and the so-called threshold specifications lie in conformity with the nonlinearity hypothesis suggested by numerical simulations. The results from threshold models are, in turn, consistent with results from specifications that include multiplicative interaction terms with the size of the government sector. More specifically, while the linear model cannot explain anything, the threshold model gives results according to which the public sector employment effect on private output depends on the size of the public sector and decreases or even turns into negative when public sector grows. The results from threshold and multiplicative models may provide an explanation for the "mixed" results obtained from linear specifications.
Data sources:
GDP
Gross Domestic Product at current or constant 1990 prices. Data source: OECD National Accounts, CD-ROM, OECD, Paris. G Public consumption or public sector (i.e. producers of government services) production, both at current or constant 1990 prices. Data source: OECD National Accounts, CD-ROM, OECD, Paris.
L g Public sector employment (thousands of persons). Data source: Employment in the Public Sector, OECD 1982, Paris; OECD National Accounts, CD-ROM, OECD, Paris; and some national sources. The data is available from the authors upon request.
L p Private sector employment (thousands of persons). Data source: the same as with l g .
